SOME ENDOMORPHISMS OF IL FACTORS: PART II 



HSIANG-PING HUANG 

Abstract. For any finite dimensional C*-algebra A with a trace 
vector s whose entries are rational numbers, we give an endomor- 
phism $ of the hyperfinite II\ factor R such that: 

Vfc e N, <5> k {R)' DR = (g) k A. 

The canonical trace roni? extends the trace vector son A There- 
fore the minimal projection is not necessarily equivalent to each 
other. 
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1. Introduction 

The study of subfactor theory is centered on describing the position 
of a subfactor iV embedded into an ambient factor M. The standard 
invariant associated with Jones basic construction, 

N C M C Mi C M 2 C ■ • ■ 

is a complete invariant in the amenable case. To classify the standard 
invariant is the most important task ever since the birth of subfactor 
theory. Many ground-breaking works have been done. Yet even more 
puzzles remain unsolved. 
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For a hyperfinite ll\ subfactor of finite Jones index, it is equipped 
with an extra structure: an endomorphism $, sending the ambient fac- 
tor M onto the subfactor N. Therefore it is only natural to investigate 
the "action", mimicking A.Connes' marvellous work. 

A well-known example is the canonical shift in a strongly amenable 
inclusion. Another surprising example is the binary shift [13] which 
gives rise to a counterexample that fails the tensor product formula for 
entropy [10]. Via the Cuntz algebra, a lot of endomorphisms have been 
manufactured. 

A nice result by M.Choda [3] states that $ is outer-conjugate to \I/ 
as an endomorphism of M onto N if and only if N$ is conjugate to N$ 
as a subfactor of M <g> M 2 (C), where 

x e M} 

Obviously we are interested in the Jones basic construction 

N$ C M ® M 2 (C) = M C Mi C M 2 C • • • 

Unfortunately the standard invariant is hard to compute except for 
a basic endomorphism, where $ can be extended to M n the tower 
algebra. Yet we do know the standard invariant contains a tower of 
finite dimensional C*-algebras, the relative commutant algebras, 

{$ fc (M)' n M} kez+ c {$ fe (M)' n M n } Kn&+ 

For the moment, we are concentrated on the first tower, which is easier 
to tackle with. 

In [9] we coupled the notion of n-unitary shift with the shift on 
(gi^jA, for any finite dimensional C*-algebra A. We constructed an 
endomorphism $ on R, which gives 

<S> k (R)' f]R = ® k A. 

The Jones index [R : Q(R)\ = (rank (A)) 2 , here rank (A) is the dimen- 
sion of the maximal abelian subalgebra of A. The minimal projection 
of A is equivalent to each other. 

The major part of this paper is to generalize the above result to 
an arbitrary trace vector of rational entries on A. Thus the minimal 
projection of A may or may not be equivalent to each other. 

2. Preliminaries 

Let M be a II\ factor with the canonical trace r. Denote the set 
of unital *-endomorphisms of M by End(M,r). Then $ e End(M,r) 
preserves the trace and $ is injective. $(M) is a subfactor of M. If 
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x e M} and = { 



x 
V(x) 



there exists a a G Aut(M) with $1 • <x = <j • $ 2 for $j G End(M,r) 
(i = 1,2) then $ x and $ 2 are said to be conjugate. If there exists a 
a G Aut(M) and a unitary u G M such that Arf-u • <E»i • a — a ■ $ 2 , then 
$1 and $ 2 are outer conjugate. 

The Jones index [M : $(M)] is an outer-conjugacy invariant. We 
consider only the finite index case unless otherwise stated. In such 
case, there is a distinguished outer-conjugacy invariant: the tower of 
inclusions of finite dimensional C* algebras, {A k = $ fe (M)' n M}^ =1 . 

Lemma 1. A k = $ fc (M)'nM contains an subalgebra that is isomorphic 
to <8>i =1 Ai, the k-th tensor power of A 1} where Ai = $(M)' fl M as 
denoted. 

The dimension of the relative commutant $ fc (M)' fl M is known to 
be bounded above by the Jones index [M : $(M)] fc . Lemma 1 provides 
the lower bound for the growth estimate. 

Lemma 2. For any finite dimensional C* -algebra A, there exists a $ G 
End(R,r) such that the relative commutant $ fc (i?)' fl R is isomorphic 
to <S>i =1 A. Here R is the hyper finite 11\ factor with the canonical trace 



The minimal projection of A has the same trace. Observe that 
contains a hereditary maximal abelian subalgebra of R, which is a 
stringent condition for calculating the entropy. 

We construct a variant of the above endomorphism in the next sec- 
tion. The main technical tool in the construction is [13] R.Powers' 
binary shifts. We provide here the details of n-unitary shifts general- 
ized by [4] M.Choda for the convenience of the reader. 

Let n be a positive integer. We treat a pair of sets Q and S of 
integers satisfying the following condition (*) for some integer m: 



Definition 1. A unital *-endomorphism \1/ of R is called an n-unitary 
shift of R if there is a unitary u G R satisfying the following: 



{l)u n = 1; 

(2) R is generated by {u, ^(u), ^ 2 {u), ■ ■ ■ , }; 

(3) ^ k (u)u = u^ k (u) or ^/ k (u)u = •yu^/ k (u) for all k — 1, 2, • • • , where 



(4) for each (Q,S) satisfying (*), there are an integer k(> 0) and a 
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T. 



[R : $(#)] = rank(A) 2 , H($) = ln(rank(A)) 




7 = exp(27Tv^— T/n)- 



nontrivial A G T = {/i G C; = 1} such that 

V k (u)u(Q,S) = \u(Q,S)y k (u), 
where u(Q, S) is defined by 

u(Q, S) = ¥U(uf%W(uf 2) ■ ■ ■ &W(uf m) . 

The unitary u is called a generator of ^ . Put S(^; u) = {k; ^/ k (u)u = 
/ ~fu^/ k (u)}. Note that the above condition (2) gives some rigidity on 
S(^;u). The Jones index [R : ^(R)} is n. 

One interesting example of Si = S(^i,ui) is {1, 3, 6, 10, 15, • • • , 
+ 1), • • • }, which corresponds to the n-stream {0101001000100001 
000001 ■ • • }. It is pointed out that the relative commutant ^\{R)' l~l R 
is always trivial for all k\ 

We define 

S 2 = {-l(l + 1) | 1 = 1 mod 3}, S 3 = {-1{1 + 1) \l = 2 mod 3} 
2 2 

3. A Simplified Version 

Theorem 1. For any finite dimensional C* -algebra A, there exists a 
$ G End(R,r) such that the relative commutant § k (R)'nR is isomor- 
phic to <S> k =1 Z(A). Z(A) is the center of A. Here R is the hyperfinite 
Hi factor with the trace r. 

Since A is finite dimensional, then A can be decomposed as a direct 
sum of finitely many matrix algebras, 

A~CA(C)CM B (C), 

where n = ^ f Oj. The minimal central projection of A is not necessarily 
equivalent to each other, though the minimal projection of A is. The 
trace vector on Z(A) is 

ai a 2 aj 

[ J J ' ' ' J 

n n n 

For each i, M ai (C) C A (not a unital embedding) is generated by 
Pi, $ G W(O) with: 

= g * = l Mo . (c) ; 7^ = exp(27rv /Z T/a i ), = 7^p; 

where pt = [1 7, ■ ■ • r yf i ~ 1 ] is the diagonal matrix in M ai (C), and g« 
is the permutation matrix in M ai (C), (1 2 3 • • • a*). 
Define t> G M„(C) to be the permutation matrix: 

v — (di (ai + a 2 ) (ai + a 2 + 03) ••• ( a i + a 2 H !"%))■ 

Then f J = 1. A and t> do generate M n (C). Therefore we can two 
describe M n (C) via A and t> (or via A and r described below.) 
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Define r := svs, while 

s=[00 ••• 01 ai 00 ••• 1 ol+a2 ... 00... l 01+02+ ... +0 .] e A 
A and r generate M n (C). 

Lemma 3. in /ac£ ; < A, r >~ M n (C) zs o/ the form: 

A + ArA + Ar 2 A H h Ar j ~ l A. 

Proof. It suffices to observe that 

r = si> s = vs, [s, f ] = [s, r] = 

r* = st> * = t>*s, rr* = r*r = s 

rAr = rsAr = r 2 r*Ar = r 2 s(v*Av)s C r 2 A 

* 7 — 1 7 

r — r J , r J — s 

□ 

On the other hand, define w = Yjl=i 7 l_1 lM 0i (C), where 
7 = exp(27rv / — l/j) 7 J = 1 

Note that u> is in the center of A. Two simple yet important observa- 
tions are that: 

(1) Adw acts trivially on A. 

(2) Adw(r) = 77" . 

Now we construct a tower of inclusion of finite dimensional C*- al- 
gebras Mfc with a trace r. The ascending union M = UkenM k contains 
infinite copies of M n (C), and thus of A. Number them respectively by 
ri,Ai,wi, r2,A 2 ,W2, r 3 , A 3 , w 3 , - - - . The key point in the construction 
is how the full matrix algebra < r k ,A k >~ M n (C) is embedded in M k . 

We endow on this algebra the following properties: 

[r h A m ] =0, \il^m\ 

r\r m = 7^r m , if \l - m\ e S t = {1, 3, 6, 10, 15, - - - }, 
= Vi, otherwise. 

Here 7 = exp(27r^/— T/j) as above. 
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Unlike in [9], we add a twist in the relations between A\ and A m 
when \l — m\ G S 2 U 6*3. 

Pi,lPi',m = Pi,mPi',l] 

q%,iPi', m = li 5l ' % ' Pi',m%u ^ \l ~ m\ G S 2 , 
qi,iPi',m = Pv,m%h if otherwise; 

qi,iqi', m = iC' 1 ' qv ,m5i,i, if |i - m| G 5*3 
ft,i5i',m = ft',mft,i, if otherwise; 

where A, =< p ih q ifl > J i=1 , and A m =< p v ^ q v ^ m >\, =v 

The construction is an induction process. We have handy the em- 
bedding A 1 C M„(C) = M l5 which is isomorphic to the inclusion of 
A <g) 1m„(C) inside M„(C) ® 1m„(C) equipped with the trace \Tr. 

Observe that |2 — 1| = 1 G S 2 . We would like to identify A 2 in 
® 2 M n (C) by a twist. A 2 is generated by p± t2 , ■ ■ ■ ,pj t2 and q± t2 , ■ ■ ■ , q^ 2 . 

Put p l>2 = l® Pi G ® 2 M n (C), g l>2 = (fc + i-liif .(c))®fc G ® 2 M n (C). 
Note that $ + 1 - l Mai (C) e W(C n ). We have: 

P?2 = C2 = 1 ® 1 ^- i (C), 
Pi,2<?j,2 = 7i9i,2Pi,2, 

5i,2Pi,i = TfVi.ift^, 

[Pi,2,Pi,l] = [ft,2,9i,l] = 0. 

A 2 is generated by pi j2 , • • • ,p jt2 and q lj2 , ■•• , qj,2- 

A 2 ~A = ®{ =l M ai (C) 

Observe |2 — 1| = 1 G S^. Define r 2 := w <g> r. We have the following 
properties: 

[w,qi + 1 - 1jw„.(C)] = 
< A 2 ,r 2 >~M„(C) 
[Ai,r 2 ] = rir 2 = 7r 2 ri 
M 2 :=< Ai,n,A 2 ,r 2 >= ® 2 M„(C) 

There is a unique normalized trace r on M 2 . 

Assume we have obtained M k =< Ai, r±, A 2 , r 2 , • • • ,Ak,rk > equal 
to ® k M n (C) with the trace r. We identify M k as M k ® 1m„(C) by 
sending x G M fc to x <g) 1m„(C)- 
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Define A k+1 by its generators, p ijk+1 and q itk+1 , 1 < % < j: 
p i)k +i :=1®1® ■■■ ®1® Pi 

ft,fc+l '■— 

[(ft + 1 - l Mat (C)) bl ® • • • ® (ft + 1 - lAf 0i (C)) 6 *]- 
[(Pi + 1 - lM ai (C)) Cl ® • • • ® (Pi + 1 - lM ai (C)) Cfc ] ® % 

6; = 1, if I A; + 1 — l\ G 5*2; &2 = 0, otherwise 
q = 1, if \k + 1 — l\ G q = 0, otherwise 

pf fc+ i = «5+i = ®* 1 ® 1 ^( c ) 

Pi,k+lQi,k+l = li%k+lPi,k+l 

Therefore A k+ \ is isomorphic to A. 

The commutation relations is given below. 

Pi,k+lPi',l = Pi',lPi,k+l 

Qi,k+iPi',i = 7i i,i 'Pi',Jft,fc+i» if |A; + 1 - / | G ^2 
[ft,fc+i,Pi',i] = 0, if |fc + 1 - Z| £ S 2 

ft,fc+i5i',i = 7i < ' i 'ft',ift,fc+i> if |A; + 1 - Z| G £3 
[ft,k+i>fc',i] = 0, if |A; + 1 - Z| ^ S 3 
^4fc+i • Ai — Ai ■ A k+ i 

Define 

^fc+i := w dl <g> w d2 <g> • • • <g> <g) r 

c?/ = 1, if I At — I — X — Z| G Si; di = 0, otherwise 

a 

We have the following properties: 

[W, ft + 1 - lAf„.(C)] = [w,pi + l- l Mai (C)} = 

< A k+1 ,r k+1 >~ M n (C) 

[A h r k+l }=0 \<l<k 

r k+ \n = 7nr fc+ i if \k + 1 - l\ e Si 

rk+iri = nr k+ i if + l -l\ £ Si 

M k+1 :=< M k ,A k+ i,r k+ i >= ® k+l M n (C) 

There is a unique normalized trace r on M k +i- 

By induction we have constructed the ascending tower of finite di- 
mensional C*-algebras with the desired properties. 
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We now explore some useful properties of the finite dimensional C*- 
algebra, M k . 

Lemma 4. For all I, M x is the linear span of the words, xi -x 2 -x 3 ■ ■ • x x , 

where x k e M n (C) k =< A k ,r k >. 

Proof. It suffices to prove xi ■ x k is in M k - < A x ,r x >= M k ■ M n (C) x , 
where k < I. 

A x A k = A k Ai c M k A x 
A in A k = A k A in c M k A x r x 
Pi,ir k = r k Pi,i e r k Ai C M k A x 

Note that 

[w,qi + 1 - lAf„.(c)] = [w,Pi + l- lAf„.(c)] = 0; 
if \l — k\ e 52, then 

g^jrfc = <g> 1 <g> • • • <g> + 1 - lM ai (C)))(^fe) • e M k A x ; 
if |/ — fc| G £3, then 

g M r fc = Ad(l <g> 1 (8) • • • <g> (pi + 1 - liitf„.(c)))(»"fc) • e M fc A ? ; 
if otherwise, <^r fe = r k q ijX e r k A x C M fc A ; . 
In short, 

A ; r fc C M k A f , 

AiA k r k = A k A x r k C .l/,.U/,.l/ C .U/,.l/: 

A^A fc r fe = A k A x r x r k = A k A x r k r x C A k M k A x r x C M k A x rx. 

□ 

Lemma 5. Consider the pair (M, r) as described above and the GNS- 
construction. Identify everything mentioned above as its image. We 
M" is the hyperfinite 11\ factor. 

Proof. There is one and only one tracial state on M k for all k e N. 
Hence the tracial state on M is unique. Therefore M" is the hyperfinite 
Hi factor, R. □ 

Define a unital *-endomorphism, $, on R to be the (right) one-shift: 
i.e., sending A k to A k+ i, and sending r k to r k+ i. We observe that $(-R) 
is a J/i factor and 

[R : $(#)] = n 2 . 

Lemma 6. The relative commutant § k (R)' fl R is exactly ®^ =l Z{A), 
Z(A) is the center of A. 
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Proof. Because of our decomposition in Lemma 3 and Lemma 4, R can 
be written as 

i=0 i=0 i=0 

Assume x G i? H $ fc (/?)'. a; can be written, as in Lemma 4, of the 
following form: 

y 1 r 1 l z 1 y 2 r 2 2 z 2 ■ ■■y k r 1 k z k ■ y , 

Q£{0, i, - ,j-i} k 

where a = (ci,c 2 , . . . , c k ) is a multi-index and y a is in Note 
that $ k (R) is the weak closure of {^(M;)}^. 

For every e > 0, there exists an integer % e N such that 

V«, G $ fc (Mi) C< A fc+ i, r fc+ i, • • • , A fc+i , r fe+J > 

||~ \ „.a ci a 3 C2 a a Ck a 3\\ ^ r 

IF - 2^ ^ 1 ^1^2 r 2 2 2 Vk r \ Z k Z \\2,t < 

a£{0, 1, -j'-!.}* 

Put L = /(/ + l)/2 + 1 for some integer I > k + 1 and / = mod 3. 
We have the following properties: 

[r L , A 1 ] = [r L , A 2 ] = ■ ■ ■ = [r L , A k+i ] = 

[tl, r 2 ] = [tl, r 3 ] = ■■■ = [r L , r k +i] = 
r L n = 7rir L , r L rf = ^r x r L 
r Lr* L = r* L r L = s L 

TlT\T* l = 7^iSl, r L r^r* L = 7 cl riS L 
for 0<m<j-l, r^rf(r L ) m = 1 cim r l s l 
[sl, M = [s L , M = ■ ■ ■ = [s L , A k+l ] = 
[sl, ri] = [s L , r 2 ] = ■■■ = [s L , r k+i ] = 
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Therefore we claim: 



IK* - E yfrfzfylrfz* • • .yjr?*f • z s )s L \\ 2 , T = 
de{o, 1, - ,j-i} k 

1 j ^ 

E • • ■ E ^irik. = 



(X 



1 

a€{0, 1, - ,.j-l} fc "1=0 



^ II \ Vr-" 1 ^*" 1 — i, S r m r C1 (r* \m a a C2 y a a c k & S\ II 

-\\ 2-^^ L L yi r L r l VL) Z lV2 r 2 Z 2 Vk r \ Z k Z )\\2,T 

^ a m 

-II E E( x - yfr^zfy^zi ■ ■■vlrfzt ■ z s )s L \\ 2 , T = 

3 a m 

\\(x- Yl vMv*r?4 ■ ■ -yirT4 ■ z s )s L \\ 2tT = 

de{o, i,-,j-i} fc ,ci=o 

\[^\\x- E vMv^4 ■ ■ ■ vM k 4 ■ Akr 

de{o, i,-,j-i} fc ,ci=o 
since {x, yf, zf, y$, r c 2 2 , zf , • • • ,yf, r{\ z%, z d } C {s L , r L , 

and t(«l) = — . 

n 



Note that {s L , r L , A L }" = M n (C) L is a type 7 factor [14]. 
By induction, 



£ y?z?ylr?z* ■ ■ ■ yfrfzi ■ z%, T < J^5 

ae{0, ci=0 " ^ 

^Itr/n i ... »• life „.— n V J 



<SG{0, ci=c 2 =0 



ae{o} k ' ^ 
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Put Li = Zi (Zi + l)/2 + 1 for some integer li > k + 1 and /i = 1 
mod 3. We have the following properties: 

j'-i 

%i ;= E ^i.^i 

mi=0 

[l/ Ll ,$(M fc+i _ 1 )] = 

Similarly, put L 2 = h{h + l)/2 + 1 for some integer l 2 > k + 1 and 
/ 2 = 2 mod 3. We have the following properties: 

j'-i 

:= E ^ m 2,i 2 
m2=0 

^ = 1 

[C/ La ,$(M fc+i _ 1 )] = 

Therefore 

E y?z?y*z$---y%4-z%, T = 



de{o} k 



n 

<3e{o} fc mi=0 
n-l 



1 71—1 



* - E - E uRivf&uiry^ ■ ■ -v*4 ■ Akr = 



n 

de{o} k mi=o 



rt— 1 



n 

de{o} k mi, m2=o 

n-l 



x - E i E tc^ i (i/f^)^r^ a ma ---i/f^-^ii2,T 



n 

<3€{0P mi,iri2=0 



X — 



Eft (V ft ft ft ft I I 

I|2,t 



Observe that 

n-l 



1 " x 

1 ,_ ^2 ^2 U L X Wl Z l ) U Li U L 2 

T7ll,»7l2=0 

is the conditional expectation of y^z™ on Z(A 1 ), the center of At. 

li 



By induction, 



x - xS M4) ■ ■ ■ v*4 ■ Akr = 

de{o} k 

E 44{vi4)---yt4-AW = 

3<={0} k 

I i rv f\ c\ j — v 1 1 

/ X 1 X 2 X k 4, ||2 )T *k t 

ae{0} k 

where xf G xf G Z(A 2 ), • • • , xf G Z(A fc ). 

Note that the von Neumann algebra {x, x", x 2 , xf, • • -x£}" com- 
mutes with $ fe (M), which is a Jix factor. Any element in the former 
von Neumann algebra has a scalar conditional expectation onto <3> fc (M). 
In short, the former von Neumann algebra and $ fe (M) are mutually or- 
thogonal. 

According to [14], we have: 

Ik" E a£a£4-"4-T(^)lkr<e 

a€{0} fc 

£ xf 4 xf • • • xf • r(z 5 ) G Z(^0 • Z(A 2 ) • • • = 
de{o} k 

□ 

Corollary 1. T/ie entropy of the endomorphism $ with the domain 
restricted on is equivalent to 

y -^ln(^) <lnn 

i=i 

Take A = M 2 (C) © M 2 (C) C M 4 (C). The associated endomorphism 
has index equal to 4 2 = 16. Yet the entropy restricted on the relative 
commutant algebra gives In 2. 




4. Main Theorem 

Theorem 2. For any finite dimensional C* -algebra A with a trace 
vector s whose entries are rational numbers, we give an endomorphism 
$ of the hyperfinite 11\ factor R such that: 

V A; G N, <5> k {R)' n R = ® k A. 

The canonical trace r on R extends the trace vector s on A. 
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The proof is nothing but a tedious generalization of Theorem 1. 
A is characterized by its trace vector s and its dimension vector t. 

? = r£l ^1 ... % 
h H jj 

t = [ai, a 2 , • ■ • , CLj] 

-rCLi + -rCL2 H h -fdj = 1 

Ji h Jj 

ei, fi, ai, e 2 , f 2 , a 2 , ■ ■ ■ ,ej, fj, aj GN 
Put n = fif 2 • • • fj. We can embed A into B C M n (C) via 
A ~ M ai (C) © M a2 (C) © • • • © M a .(C) C 

M ai (C) © M , (C) © M a2 (C) © M a>2 (C) © • • • © M a . (C) © M a , (C) 
= B C M n (C) 

, , ne-y , ne 2 . nej 

where a x = — , a 2 = — , • • • , a ■ = — 

h h h 

For each i, M a .(C) G A G B (the former being not a unital embed- 
ding) is generated by p iy G W(C fll ) with: 



Pf = QT = l M ai (C)] li = exp(27rV-l/ai), = 

where Pi = [1 7, ■ ■ • r yf i ~ 1 ] is the diagonal matrix in M a .(C), and ^ 
is the permutation matrix in M a .(C), (1 2 3 • • • a^). 

For each i, M a < (C) G A' C\ B G B (the former being not a unital 

embedding) is generated by p' i: q\ G W(CS) with: 

Pi =Qi l = lM a ,(c); 7i = exp(27rV-l/a i ), PiQi = liQiPi 

i 

where p\ = [1 7^ 7^ 2 • • • 7j' ai ~ 1 ] is the diagonal matrix in M a ^(C), and ^ 
is the permutation matrix in M /(C), (1 2 3 • • • a^). 
Define v G M n (C) to be the permutation matrix: 

v = (aia[ (aia[ + a 2 a' 2 ) • • • (oio'i + 02^2 + 1" a i a j)) 

Then v J ' — 1. -B and t> generate M n (C). 
Define r := st>s, while 

S = [0 • • • l oia / • • • l aia ' 1+a2 a 2 • • • • • • loia' 1 +oa^+-+a J -aj] 

is a diagonal matrix in M n (C). Thus B and r generates M n (C). 

Lemma 7. 7n /ac£ ; < B,r >~ M n (C) is 0/ £/ie /orm: 

+ firfi + Br 2 B + ■■■ + Br j ~ l B. 
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Proof. It suffices to observe that 

r = svs = vs, [s, v] = [s, r] = 

r* = sv* = v*s, rr* = r*r = s 

rBr = rsBr = r 2 r*Br = r 2 s(v* Bv)s C r 2 B 

r* = r 7-1 , r J = s 

□ 

On the other hand, define w = YH=i 7 l_1 lM ai (c)> where 

7 = exp(27r\ / — 7 J : = 1- 

Note that w is in the center of B. Two simple yet important observa- 
tions are that: 

(1) Adw acts trivially on B. 

(2) Adw(r) = 77". 

Now we construct a tower of inclusion of finite dimensional C*- al- 
gebras M k with a trace r. The ascending union M = Ufc e jjM fc contains 
infinite copies of M„(C), and thus of B. Number them respectively by 
n, B 1 ,w 1 , r 2 , B 2 , w 2 , r 3 , 5 3 , w 3 , 

We endow on this algebra the following properties: 

[ri,B m ] = 0, if I ^ to; 

rir m = 7r t r m , if \l - m\ e S ± = {1, 3, 6, 10, 15, • • • }, 
nr m = r m r h otherwise. 

Here 7 = exp(27rv / — 1/j) as above. 

Unlike in [9], we add a twist in the relations between A\ and A' m 
when |/ — m| e S2 U S3. 

Pi,lPio,m Pio,mPi,li 
I I '~&i,in I 1 -c\l I /- o 

9i,iPio,m = 7i Pi ,m%h i{\l-m\eS 2 , 
<l'i,iPio,m = P'i ,mi,n if otherwise; 
9i,i9io,m = 7i %,m%i, lf K - w| e S 3 
<;<,,m = if otherwise; 

where A\ =< V ' ip q' t l >? =1 , and A' m =< p' io m , q' io m >\ o=l . 
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Unlike in the above section, there is no twist in the relations between 
Ai and A m . 

Pi,lPio,m Pio,mPi,h 
Pi,lQio,m Q.io,mPi,li 
Qi,lQio,m Qio,mQi,l 

where A t =< p ijh q ijt > J l=1 , and A rn =< p k) , m , q i(hm > J io=1 . 

The construction is an induction process. We have handy the em- 
bedding Bi C M n (C) = Mi, which is isomorphic to the inclusion of 
B ® 1m„(C) inside M n (C) ® 1m„(C) equipped with the trace ^Tr. 

Observe that |2 — 1| = 1 e 5*2. We would like to identify I? 2 in 
<g> 2 M„(C) by a twist. E 2 is generated by p 1>2 , • • • ,Pj )2 , pi, 2 , • • • ,pj, 2 > 
9i,2, • • • , ^,2, and q' lj2 , • • • , gJ- >2 . 

Put p i>2 = l®Pi e ® 2 M„(C), ft j2 = 1 ® $ e ® 2 M„(C). Put 
Pi )2 = 1 ®Pi e ® 2 M„(C), <£ 2 = {q[ + 1 - l Mo ,(C)) ® 9- e ® 2 M n (C). 
Note that g- + 1 - 1m„,(C) e W(C n ). We have: 

/a i ' a i 1,0,1 

Pi,2 = %2 = l®lM a ,(C), 

i 

Pi,2<2 = l'i<l'i,2Pi,2' 

QiM,! = i^p'iAv 

\p'i,2,P'i,l] = [<2><i] = 0. 

_B 2 is generated by 

Pl,2, • • • ,Pj,2, Pi )2 , • • • ,Pj,2> 91,2, • • • , 5i )2 , ' ' ' , ^,2 

Thus 

B 2 ~ 5 = ©i =1 M ai< (C) C M n (C) 

Observe |2 — 1| = 1 G S'i- Define r 2 := w ® r. We have the following 
properties: 

[w,q'i + l - 1m o ,(C)] = 

i 

<B 2 ,r 2 >~M n (C) 
[B l} r 2 ] = r x r 2 = ^r 2 r x 
M 2 =< B u r u B 2 , r 2 >= (g) 2 M n (C) 

There is a unique normalized trace r on M 2 . 

Assume we have obtained M k =< B±, ri, B 2 , r 2 , • • • ,B k ,r k > equal 
to ® fc M n (C) with the trace r. We identify M k as M fc ® 1m„(C) by 
sending x e M k to x ® ljw n (C)- 
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Define B k+1 by its generators: p i)fc+ i, p' ik+1 , qi,k+i, and q£ fc+1 , for all 
l<i<j: 



p ijk+1 := 1 <g> 1 
g ijfe+ i := 1 <g) 1 

Pi.fc+1 := 1 1 
/ 

M + l - 1m o ,(C)) 

i 

[(^ + l-l Ma , (c) ) 
For all 1< I < k : 



bi 



®---(g)(^ + l-lM o ,(C)r] 



(Pj + 1 - 1 



A/., 



Q = 

We have: 



1, if | A; + 1 — l\ e 5*2; = 0, otherwise 
1, if | /c + 1 — /| G S3; q = 0, otherwise 



P? M l = <t M l = ® *1® 
Pi,k+l%k+l — li%k+lPi,k+l 

/ / _ 1 1 1 

Pi,k+lQi,k+l ~ liQi,k+lPi,k+l 

Therefore -B^+i is isomorphic to B. 

The commutation relations is given below. 

Pi,k+lPi ,l = Pi ,lPi,k+l 

[Pi,fc+i, fto,i] = °> for all / < /c + 1 

[?i,fc+l> <3Wl = 

A k +i ■ Ai — Ai ■ A k+ i 



Pi,k+lPi ,l 



Qi,k+lPio,l 



Pio,lPi,k+l 
1-5, 

/ 



7, '>U lW . ^ \k + l-l\eS 2 

kW^U = °> if |fc + i_z|^5 2 

%k+i% h i = T^'^oXfe+i' if |fc + 1 - i| e 5 3 

Cl= » if l* + l-i|^5 s 
4/ . 4/ _ 4/ . 4/ 



Define 



di = l, 



4k 



w" 1 -uT z • • • <g) w K r 
if \k + l-l\ e Si, di = 0, 
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otherwise 



We have the following properties: 

[w, ql + 1 - 1m, (C)] = + 1 - 1 M . (C)] = 

<S fc+1 ,r fc+ i >~M n (C) 

[£,,r fc+1 ] = l<Z<fc 
^fc+in = 7nr fc+1 if I A; + 1 - 1\ e Si 
rk+iri = r t r k+1 if \k + l-l\ £ Si 
M fc+1 =< M k ,B k+1 ,r k+1 >= ® k+l M n (C) 

There is a unique normalized trace r on 

By induction we have constructed the ascending tower of finite di- 
mensional C*-algebras with the desired properties. 

We now explore some useful properties of the finite dimensional C*- 
algebra, M k . 

Lemma 8. For all k, M k is the linear span of the words, Xi-x 2 -x 3 ■ ■ ■ x k , 
where Xj G M n (C)j =< Bj,rj >. 

Proof. It suffices to prove x\ ■ Xj is in My < B h ri >= Mj ■ M n (C)i, 
where j < I. 

B t Bj = BjBi C MjBi; 
BinBj = BjBin C MjBin; 

PijFj = TjPijL G TjBi C MyBi] 

P'ifj = rjp'ij e r 3 B x C MjBf, 
if \l — j\ G S 2 , then 

%f 3 = Ml ® 1 ® • • • ® {q[ + 1 - l MA c)))(r- 3 ) ■ q' hl G MjBf, 

i 

if \l — j\ G S3, then 

tifj = Mi ® 1 ® • • • ® (p- + 1 - Im^co))^-) • g MjS,; 

if otherwise, g^r^ = G r^B; C MjBf 

in short, S^rj C MjBf 

B x Bjrj = BjBirj C BjMjB x C M^-B,; 

SirjSjTj = BjBinTj = BjBtTjn C BjMjB x r x C Afj-B,r,. 

□ 

Lemma 9. Consider the pair (M, r) as described above and the GNS- 
construction. Identify everything mentioned above as its image. We 
M" is the hyperfinite 11\ factor. 
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Proof. There is one and only one tracial state on M k for all k G N. 
Hence the tracial state on M is unique. Therefore M" is the hyperfinite 
Hi factor, R. □ 



Define a unital *-endomorphism, <£>, on R to be the (right) one-shift: 
i.e., sending B k to B k+ i, and sending r k to rfc+i. We observe that 
is a J/i factor and 

[i? : $(#)] = n 2 < oo. 

Lemma 10. TTie relative commutant <fr k (R)' (1 R is exactly ®f =1 A ; on 
which the trace of R is the product trace given by the vector s. 

Proof. Because of our decomposition in Lemma 7 and Lemma 8, R can 
be written as 

i=0 i=0 i=0 

Assume x <E RD x can be written, as in Lemma 8, of the 

following form: 

x — 2-^ V\ r \ z iV2 r 2 z 2 Hk r i z k y i 

a€{0, 1, - ,j-l} k 

where a = (gi, g 2 , . . . ,g k ) is a multi-index. yf,zf G B 1 , y%,z% G B 2 , 
■ ■ ■ , yf , zf G B k . y s is in $ k (R). Note that <& k (R) is the weak closure 
of {^{Mi)}^. 

For every e > 0, there exists an integer % G N such that 

V a, 2° G $ fc (Mi) C< B fc+ i, r fc+ i, • • • , r fc+i > 

II™ _ \ ,.S. 91 a a 92 a a 9k a _a|| 

ll x 2^ ^ 1 1 ^ 2 2 2 yk r l Z k z \\2,t < 

de{o, l, - ,j~i} k 

f = # e 
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Put L — 1(1 + l)/2 + 1 for some integer I > k + 1 and I = mod 3. 
We have the following properties: 



[r L ,B 1 ] = [r L ,B 2 ] = --- = [r L ,B k+l ] = 

[tl, r 2 ] = [tl, r 3 ] = • • • = K, = 
r L n = jr^L, r L r 91 = ^ 9x r x r L 
r Lr* L = r* L r L = s L 

r L r\r* L = 7^i«l, r L rfr* L = ^ 9l r\s L 
forO<m<j-l, r™r 9l {r* L ) m = 1 9im r 1 s l 
[s L , B ± ] = [s L , B 2 \ = ■ ■ ■ = [s L , B k+i ] = 
[sl, n\ = [sl, r 2 ] = ■■■= [sl, rk+i] = 

Therefore we claim: 
\\(x- J2 yfrfzfy«rfz« • • -j/frfzf • z a )s L \\ 2 , T 

aG{0, 1, - ,j-l} k 

, ^ ...... ... .,1- 



E„.a„9i _a 5 92 y 5 a 9k ~<3 a\ m * mil 

Vl r l z lV2 r 2 Z 2 Vk r \ Z k Z )-■ T L r L l|2,- 

] 

am 



7 

ae{o, 1, m =o 

a m 



J a m 



IK* - E y? z hlr 9 2 2 z« ■ ■ -ytrfzl ■ z s )s L \\ 2 , T 

de{o, i,-j-ip, S i=o 



«e{o, l,-j-lp, ff i=0 

Since 



{x, yf, *f, yf, rf , 4,---,yl if, & z s } C {s L , r L , 5 L }' 



and r(si) = — . 

n 



Note that {s L , r L , B L }" = M n (C) L is a type 7 factor [14]. 
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By induction, 



\x 



aG{0, 1,-j-lp, 91=0 



\x — 



E 



5G{0, l,-,j-l} k , 91=92=0 



3 



\ X - vi4vi4---vi4-Aw<u-)H = e 

a<={0} k » ^ 



Put Li = + l)/2 + 1 for some integer l\ > k + 1 and /i = 1 
mod 3. We have the following properties: 



mi=0 

u n Ll = 1 

[E/ Ll ,$(M fc+i _ 1 )] = 



Similarly, put L 2 = h{h + l)/2 + 1 for some integer Z 2 > k + 1 and 
/ 2 = 2 mod 3. We have the following properties: 



j'-i 

^2 := ^2,-^2 
m.2=0 

^ = 1 

[?7 La ,$(M fc+i _ 1 )] = 
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Therefore 

Ik - ^ vMy%4 ■ ■ ■ vl4 ■ AW = 

de{o} k 

n— 1 

Ht- \ n A y a a a n A~,a . \ TT mi TT* mi ll — 

IF 2^ V\ Z \V2 Z 1 Vk Z k Z - 2^ U Li U Li 112,-t- - 

ae{0} fc mi=0 
n— 1 

ii* - E - E u^ivMwir ■ -"&4 ■ z %, = 

de{o} k mi=o 

n— 1 

H X_ ^2 U L l \Vl Z l) U L 1 ■ ■ -Vk z k ■ z U L 2 U L 2 h,r = 

de{o} k mi,m.2=o 

n— 1 

ii^- E ^ E tc^ i (^)^r^ ma ---rf^-^ikr = 

Ik- E *$v*4~-v*4-A2,t 

de{o} k 
Observe that 

n— 1 

„<3 ._ - \ TT m 2 TT mi (ifi v<x\TT* m iTT* 1712 
1 ,_ ^2 ^2 U L 1 \V\ Z l ) U L 1 U L 2 

mi,m2=0 

is the conditional expectation of y^z^ £ Bi onto A x . 
By induction, 

Ik- E <(^4)---«-^ikr = 

de{o} k 

Ik- E ^f(^f)---«-^l|2,r = 

ae{o} fc 

Ik — ^ ] a 'l a '2 ' ' ' X k ' Z 1 1 2,-r < e 
ae{0} fc 

where xf G Ai, xf e A 2 , • • • , xf e A k . 

Note that the von Neumann algebra {x, x", xf , xf, • • -x^}" com- 
mutes with <£> fc (M), which is a //x factor. Any element in the former 
von Neumann algebra has a scalar conditional expectation onto $ fc (M). 
In short, the former von Neumann algebra and $ fe (M) are mutually or- 
thogonal. 
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According to [14], we have: 

\\x- %>i x i ■ ■ ■ x t ■ T ( z& )h,r < t 
de{o} k 

xfx2 x 3 ■ ■ ■ x k ■ r ( z °) eA 1 -A 2 ---A k = ® k A 

de{o} k 

□ 

5. Discussion 

The construction of $ depends on the choice of the anticommutation 
set Si. In the case of n-unitary shifts, different choices of S(^;u) give 
uncountably many nonconjugate shifts and at least a countably infinite 
family of shifts that are pairwise not outer conjugate. Not to mention in 
[5] the existence of uncountably many non-outer-conjugate nonbinary 
shifts, exploiting different 2-cocycles on the group G = ©fZ^. Each 
of the above has a counterpart in our construction. 

Given a finite dimensional C*-algebra A with rank(A) = n and an 
n-unitary shift with the anticommutation set S($; u) [4] satisfies the 
following condition: 

S(V; u) = {hi | k i+ i > hi, and k i+2 - k i+i > k i+l - h, \/i e N} 

Denote by M(%>; u) to be the ascending union of M k (^f; u) = 

< ; u), ri(*; u), A 2 (^; u), r 2 (*; u), ■ ■ ■ , A k (V; u),r k (V; u) > 

with the trace r(\l/; u). We have 

A ~ Ai($; u) ~ A 2 (^; u) ■ • • 

Similarly, consider the pair (M(^/;u),t(^/;u)) as described above 
and the GNS construction. Identify everything mentioned above as its 
image. The weak closure M(\I/; u)" is the hyperfinite Hi factor, R. 

Define a unital *-endomorphism, \1>, on R to be the (right) one-shift: 
i.e., sending A k (ty; u) to A k+ i(^; u), and sending r k (^] u) to r k+ i(^] u). 
We observe that is a Ih factor and [R : V(R)] = n 2 . 

V k (R)' n R = ® k A. 

A well-known conjugacy invariant is the Connes-St0rmer entropy. 
We estimate the entropy [15] in the following paragraph. 

Lemma 11. H{^>) > Inn = ln[i? : ^(i?)] no matter of the choice of 
the anticommutation set S(^,u). 
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Proof. 



if(tf) = lim H(Mj,V) > lim H(&A,V) 

j~*oo j— >oo 

= lim lim i#(® J 'A,*(®^4),--- ,y k -\&A)) 

j^oo fe^oo k 

= lim lim \H{® j+k - 1 A) = lim lim 3 + k ~ l H(A) 

j^oo k— >oo k j^oo fc— >oo K 

= lim H(A) = H(A) 

□ 

Lemma 12. H(^/) < Inn = ln[i? : ^(-R)] no matter of the choice of 
the anticommutation set S(^/,u). 

Proof. 

H(V) = lim H(Mj, *) = lim lim yH{Mj, *(Mj), • • • , * fc_1 (Mj)) 
< lim lim if/"(M j+fc _i) = lim lim ^//(g^^M^C)) 
= lim lim — (j + A; — 1) Inn = Inn 

j— >oo fc-+oo k 

□ 

If A is not trivial, -H"(^4) is non-zero. Therefore, 

H(M n (C)) > H(V) > H(A) > 

no matter of the choice of the anticommutation set S(^/,u). 

We conjecture that there is an endomorphism \1/ that gives the en- 
tropy H(A). Moreover, if A is a finite dimensional C*-algebra with 
an arbitrary trace vector (not necessarily of rational entries), we con- 
jecture that there is a similar result to Theorem 2, parallel with the 
Murray-von Neumann construction of the hyperfinite II\ factor R. 
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